Abstract. I consider the class of "depleted pyrochlore" lattices of corner-sharing triangles, made by removing spins from a pyrochlore lattice such that every tetrahedron loses exactly one. Previously known examples are the "hyperkagome" and "kagome staircase". I give criteria in terms of loops for whether a given depleted lattice can order analogous to the kagome " √ 3 × √ 3" state, and also show how the pseudo-dipolar correlations (due to local constraints) generalize to even the random depleted case.
These can be conveniently be visualized in two possible ways: (i) projecting the conventional cubic cell (containing four diamond sites, i.e. four pyrochlore tetrahedra) in the (100) direction; or, (ii) expressing the diamond lattice as a stacking of puckered honeycomb layers, in which the (odd) sites have an additional bond extending upwards (downwards) to the next layer.
Cubic conventional cell
Consider the family of patterns preserving the periodicity of the conventional cubic cell, with four dimers per cell. There are only three symmetry-inequivalent ways to place them. Pattern 1 has all dimers oriented the same; the diamond lattice separates into disconnected (puckered) honeycomb layers, and the spins form stacks of uncoupled kagomé lattices, as induced by a field in "kagomé ice" [12] .
Pattern 2 has two dimers in one orientation and two in another orientation. This again separates the lattice into disjoint slabs, now transverse to a (110) axis. The depleted lattice is a "kagomé staircase", which has the topology of a kagomé lattice, but folded so the hexagons alternate between two (111) type orientations. Imagine a canonical spinel AB 2 O 4 with cubic lattice constant a c ≈ 8.2Å; depletion by B-site vacancies gives the formula A 1 B 1.5 O 4 with x = 1/4. Pattern 2 makes the structure orthorhombic, with a ≈ a c /sqrt2, b ≈ √ 2a c , and c ≈ a c . This nearly describes the "kagomé staircase" compounds e.g. VCo 1.5 O 4 , except each successive slab is slid a half cell relative to the one before.
Pattern 3 uses each of the four possible orientations once, yielding the "hyperkagomé" arrangement with cubic symmetry.
as realized [9] in the spinel Na 4 Ir 3 O 8 , i.e. "(Na 1.5 ) 1 (Ir 3/4 Na 1/4 ) 2 O 4 " in our framework, 1.2. Kagomé layer stacking approach I will focus on the layered patterns made by viewing the diamond lattice as a stack of puckered honeycomb layers (a kagomé layer of spin sites) connected by vertical linking bonds (forming a triangular lattice). Say a fraction x link of linking bonds is depleted; then the honeycomb layer has depletion x kag ≡ (1 − x link )/3; its depletion pattern is a dimer covering having monomers at the endpoints of the depleted linking bonds. If either kind of layer lacks threefold point symmetry, we restore it by stacking the layers with a rotation (producing a screw axis). Table 1 . Some depleted lattices, with properties of the shortest loops (Loop density is per site; in the tags, interlayer bonds are underlined for comparison to Fig. 1 Fig. 1 shows some examples; there are many more, e.g. in Fig. 1 (c) a different honeycomb dimer pattern could be used. Fig. 1(b) is just the cubic "hyperkagomé" structure. With x link = 0 and x kag = 1/3 we get a dimer covering of the honeycomb lattice. 
Magnetic ground state
The magnetic Hamiltonian is assumed to be H = J ij s i · s j where only nearest-neighbour isotropic interactions are included, and {s i } are either classical unit vectors or quantum spins with S ≫ 1. Let us review the known story for the kagomé or garnet/hyperkagomé) antiferromagnets. The classical ground states are the (many) configurations in which the spins differ by angles 2π/3 on every triangle. It then transpires that (i) a (still highly degenerate) subset of "coplanar" states gets selected at harmonic order, which amounts to a 3-colouring; (ii) a specific coplanar ordered state is selected by anharmonic fluctuations, which was the " √ 3 × √ 3" state in the kagomé case [14, 13, 15 ] and Lawler's state in the hyperkagomé/garnet case [7] . Do these results generalise?
Coplanar states
At harmonic order, thermal fluctuations (in the classical case [2, 4] ) or quantum fluctuations [13, 16] select "coplanar" ground states, such that spins in different triangles lie in the same plane of spin space. 2 This selection should carry over to arbitrary corner-sharing triangle networks.
A coplanar ground state has every spin in one of three directions so it is effectively a 3-colouring of the sites (equivalently, diamond-lattice bonds) by colours A, B, C, such that every triangle (i.e. bonds meeting at one diamond vertex) has one of each colour. By König's theorem [17] of graph theory, a 3-colouring exists on any bipartite graph with coordination z = 3, and hence on any depleted lattice.
Any 3-colouring of a depleted lattice can usefully be reimagined as a 4-colouring of the original pyrochlore lattice, with the fourth color corresponding to the depleted sites. Thus, any 3-colouring in fact generates four different ways to build a depleted lattice (along with a sample 3-colouring of each), depending on which color we select for removal. (In Lawler's state [7] , all four colours are equivalent; each colour forms a "trillium" lattice [18] .)
Ising mapping and effective Hamiltonian
As is well known, at harmonic order all the coplanar states have equivalent Hamiltonians [2, 13] . Hence, fluctuations distinguish among them only at anharmonic order. Observe too that coplanar configurations cannot distinguished on the loop-free "cactus lattice" -the medial graph of a z = 3 Bethe lattice -since they are all symmetry-equivalent by permutations of the sites. Loops are essential to state selection [19, 20] .
On the kagomé lattice, coplanar states are more transparently represented by "chiralities" η α = ±1, Ising variables defined on triangle centers α, and equal to +1 (−1); if the colours ABC run counterclockwise (clockwise) around the triangle. The colouring can be uniquely reconstructured (modulo trivial symmetries) from {η α }, but not every configuration of {η α } corresponds to a colouring. With approximations, one can obtain an effective Hamiltonian of form H eff = − αβ J αβ η α η β in the quantum case [15] , and also in the classical case [21] at small T , based on [22] . The nearest neighbor Ising coupling J 1 < 0, so the optimum state is an antiferromagnetic pattern of η α on the honeycomb vertices.
What about d = 3? Let the index α label triangles, or equivalently diamond-lattice vertices. A gauge choice is necessary on every triangle to define which sense of its normal vector is "up", before the spin chirality can be defined. I conjecture that, in general, the sign of J 1 is the opposite of the projection of the normal vectors of the respective triangles.
Then the ground state has an alternating chirality pattern (which is always possible, since the diamond vertices are bipartite). For the hyperkagomé lattice -the most regular depleted example -this gives the correct answer: Lawler's state, favored in a large-n calculation [7] and found in simulations [8] .) Whereas the " √ 3 × √ 3" state of the kagomé had alternating colours (e.g. ABABAB) around loops and triple colors (ABCABC...) along lines, and has a nonzero ordering vector, Lawler's state has alternating colours along lines and ordering vector Q = 0. 3 The basis for believing J 1 < 0 is general is that in the kagomé case, it was expressed [15, 21] in terms of expectations of spin-wave fluctuations of "soft" modes, which have only anharmonicorder restoring forces. Such soft modes are generic to the coplanar state on any of our lattices. They sum to zero on every triangle, a "zero-divergence" constraint that implies generic powerlaw correlations of the fluctuations, whether classical [23, 24, 25] or quantum [15, 26] . We obtain J 1 < 0 if the sign depends on orientation the same way it does asympotically. A caveat is that at root, the crucial spin-wave correlations must depend on the loops (as noted above, only loops distinguish among coplanar states); the pseudo-dipolar correlations are just a coarse-grained way to incorporate the net effects of many long loops. An alternate local derivation of H eff , based on a loop expansion [19, 20, 28] might better capture the differences among depleted lattices.
Colourability
Let's call the lattice "colourable" if there is a 3-colouring satisfying the above rule. That is true if and only if every fundamental loop of diamond-lattice bonds is colourable. Tag the each bond of the loop as "s" or "b" depending whether the corresponding site is analogous to a "straight" or "bent" point in a path on the kagomé lattice. 4 Surrounding a b step the colouring alternates (e.g. ABA), as in a kagomé hexagon, whereas surrounding an s step it cycles (e.g. ABC), as on a straight line of kagomé. Let {j 1 , j 2 , ...} be the steps in the loop tagged s; it can be shown the colours are consistent around the loop if and only if m (−1) m+jm ≡ 0(mod 6). 5 Colourability does not depend on just the loop shape, but also on the orientations of the depleted dimers touching each site of the loop. Consider 6-loops (the shortest that we may have) in one layer (like those shown in Fig. 1 ): each vertex of the hexagon can be tagged by 0 (if the depleted dimer runs vertical from it) or 1 (if the depleted dimer sticks outwards from the hexagon center). Of the 2 6 possible 6-loops, 45/64 are not colourable: the seven classes (111000), (111010), (110110), (111110), (110000), (110100), and (111100). The six colourable classes account for 19/64 of the 6-loops.
3. Classical cooperative paramagnet I first review known properties of random ensembles with divergence-like constraints. Say some bonds of a bipartite z-coordinated lattice are coloured (with the same colour) such that z ′ bonds are coloured at every vertex. Construct a divergence-free vector field by letting every bond have unit flux from the even to the odd endpoint if coloured, or flux −z ′ /(z − z ′ ) if uncoloured; the local volume average defines a coarse-grained "polarization" P(r) with ∇ · P = 0 [23, 24, 25] . In a random ensemble of such colourings, the entropy density behaves as
Combined with the divergence constraint, (1) implies long-range, pseudo-dipolar correlations:
Correlations of the physical degrees of freedom are generally proportional to (2) . Dimer models [23] are the case z ′ = 1; ice models are the case z = 4, z ′ = 2. A z-colouring produces z − 1 flavours of P(r) (one for each colour, minus one linear dependency) hence P(r) in that case is a d × (z − 1) tensor. The ground states of classical spins on a bisimplex latticeour original problem -satisfy the constraint i∈α s i = 0 [1] ; the polarization in that case is a d × m tensor where m is the number of spin components, and here too we expect (2) describes the correlations [8, 24, 25] . The problem at hand is a depleted pyrochlore lattice (z = 3) -periodic or random -either with classical m = 3 component spins, or else a 3-colouring: thus, P(r) has spin or flavour indices. 6 But I'll work out, instead, the simpler case of a dimer covering on the depleted lattice; similar results are expected for the real problems.
Let the dimer pattern's polarization field be P(r) on the depleted lattice (z = 3), or E(r) as a covering of the original (z = 4) lattice; and let D(r) be the polarization field of the (z = 4) dimers defining the depletion pattern. It is trivial to check that
Now, the random depleted lattice is a "quenched" model in which first D is fixed according to a single-component ensemble, i.e. Eq. (1) with α|P| 2 → α D |D| 2 . But consider, just for now, a random ensemble with two (equivalent) colours of non-overlapping dimers described by D and E. By cubic lattice symmetry as well as D ↔ E symmetry, the joint entropy density must be isotropic to quadratic order:
where 0 < λ < 1 is expected. This also must be the entropy density for E conditioned on a frozen (not untypical) D(r). Using the change of variables (3), the entropy density is (1) with P →P ≡ P +λD α ≡ ). Thus, P is a linear combination of two independent fieldsP(r) and D(r), each having correlations like (2), with respective prefactors 1/α and 1/α D . On the other hand, a periodic depleted lattice has a uniform D(r), offsetting P(r) by a constant. Note that, unless a depleted lattice has cubic symmetry or small D, the coefficients of P a P b terms become anisotropic, (deriving from O(DDEE) cross terms in (4)).
Conclusion
I have shown there exist many depleted lattices (Sec. 1) and given a picture both of the ordered ground state (in Sec. 2) and the cooperative paramagnet state (Sec. 3). In the latter state, the disconnected correlation function of P(r) has the pseudodipolar form (2) . Most of the results apply both to regular and random depleted lattices. Random depletion is an inviting way to include just enough constraints to maintain many features of uniform lattices, e.g. satisfying every triangle and allowing coplanar ground states, which are violated in rare places in the case of unconstrained site dilution [1] .
